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In layered manganites with orbital and charge orderings, the degeneracy of the Mn 4p orbitals
as well as the 3d ones is lifted by the effects of the 4p bands and the local Coulomb interactions.
We formulate the atomic scattering factor for the resonant x-ray scattering in the memory function
method by taking into account these effects on an equal footing. It is shown that the polarization
dependences of the scattering intensities at the orbital and charge superlattice reflections observed
in LaSr2Mn2O7 are caused by the local and itinerant characters of 4p electrons, respectively. We
examine the type of the orbital ordered state.
PACS numbers: 75.30.Vn, 71.10.-w, 78.70.Ck
Orbital degree of freedom is one of the key factors to
uncover the dramatic and fruitful phenomena in colos-
sal magnetoresistive (CMR) manganites. However, since
the experimental technique to detect the orbital structure
has been limited for a long time [1], it was considered
to be a hidden degree of freedom. The resonant x-ray
scattering (RXS) has recently shed light on this issue.
Murakami et al . have applied the scattering method to
La0.5Sr1.5MnO4 and observed the superlattice reflections
near the Mn3+ K-edge caused by the orbital ordering [2].
Immediately after the observation, this method was ex-
tensively studied in both the experimental and theoreti-
cal sides [3–8] and has been recognized to be a powerful
tool to detect the orbital states through the application
to several manganites.
Near the Mn3+ K-edge, RXS is given by the electric
dipole transition between Mn 1s and 4p orbitals. The
anomalous part of the atomic scattering factor (ASF) is
a tensor with respect to the polarization of x-ray and
the anisotropy of the tensor elements brings about the
scattering at the orbital superlattice reflections. It was
shown that the Coulomb interactions between Mn 3d and
Mn 4p electrons and between Mn 3d and O 2p ones are
the convincing candidates to induce the anisotropy in the
orbital ordered states [7].
In this letter, we focus on RXS in manganites with
layered structure. The layered manganites are recog-
nized to be materials appropriate for studying orbital
degree of freedom as well as CMR [9]. In double lay-
ered manganites La2−2xSr1+2xMn2O7, the orbital states
are controlled by changing x and applying pressure and
magnetic field [10–12]. The orbital states of 3d elec-
trons as well as 4p ones depend on the deformation of
the MnO6 octahedron and the layered crystal structure.
However, the octahedron is almost isotropic in the dou-
ble layered manganites with x = 0.5 [13] where the or-
bital and charge orderings were recently observed by RXS
[14]. Thus, the energy levels of the three 4p orbitals
are nearly degenerate in the local sense. On the other
hand, the layered structure provides the quasi-two di-
mensional character of the 4p band and lifts the degener-
acy. We formulate ASF in the memory function method
by taking into account the effects of the 4p band and
the local Coulomb interactions on an equal footing. The
anisotropy of ASF reflected from the local and itinerant
characters of the 4p electrons explains the experimental
results in LaSr2Mn2O7. Being based on the calculated
results, types of the orbital ordered state are discussed.
Let us first formulate ASF. On resonance, the relevant
term in the diagonal part of ASF is given by [15,7]
∆fα =
m
e2
∑
l
〈0|jiα|l〉〈l|jiα|0〉
ε0 − εl + ω − iΓ
, (1)
where |0〉 (|l〉) denotes the initial (intermediate) elec-
tronic state with energy ε0 (εl). ω is the energy of x-ray
with polarization α. jiα(=
e
m
A
∑
σ P
†
iασsiσ + H.c.) de-
scribes the 1s → 4p transition where P †iασ and siσ are
the creation operator of Mn 4p electron at site i with
spin σ and orbital α(= x, y, z) and the annihilation one
of Mn 1s electron, respectively. Γ denotes the damping
of a core hole. Because the radius of the Mn 1s orbital is
much smaller than the lattice constant, the 1s electron is
excited to the 4p orbital at the same site. The relevant
part of ∆fα is rewritten by using the Green’s function
for the operator Jiασ = P
†
iασsiσ as follows,
Im∆fα = −
e2|A|2
m
∑
σ
ImGασ(z)
∣∣∣
z=ω+iΓ
, (2)
where Gασ(z) is the Fourier transform (FT) of the re-
tarded Green’s function Gασ(t) =
i
2pi
∫
e−iωtGασ(ω)dω
defined by Gασ(t) = θ(t)〈[J
†
iασ(t), Jiασ(0)]〉 .
We consider a MnO6 cluster where x-ray is absorbed.
The electrons in the cluster couple to the 4p bands. The
Hamiltonian is given by H = H0 +H4p , with
H0 = εd
∑
γσ
d†iγσdiγσ + εp
∑
γσ
p†iγσpiγσ + εs
∑
σ
s†iσsiσ
+ tpd
∑
γσ
(d†iγσpiγσ + p
†
iγσdiγσ)
+ U
∑
γ
ndiγ↑n
d
iγ↓ + U
′
∑
σσ′
ndiaσn
d
ibσ′
1
+ I
∑
σσ′
d†iaσd
†
ibσ′diaσ′dibσ − JH
~Si · ~Sti
+ nh
∑
γσ
(Vsdn
d
iγσ + Vspn
P
iασ) +
∑
αγσσ′
Vγαn
d
iγσn
P
iασ′ , (3)
and
H4p = εP
∑
jασ
P †jασPjασ +
∑
jδαβσ
tβαP
†
jασPj+δβασ , (4)
where H0 and H4p describe the electronic states in the
MnO6 cluster and in the 4p band, respectively [16]. i
indicates the site where x-ray is absorbed. diγσ is the
annihilation operator of Mn 3d electron with spin σ and
orbital γ(= 3z2 − r2, x2 − y2) and piγσ is that of O 2p
electron with σ and γ represented by combining six O 2p
orbitals in a MnO6 octahedron [7]. The number operator
of Mn 3d (4p) electrons and that of core holes are denoted
by ndiγσ (n
P
iασ) and nih, respectively. The last three terms
in Eq. (3) describe the the core hole potentials and the
Coulomb interaction between 3d and 4p electrons, respec-
tively. The explicit form of Vγα is given by Vγα = F0 +
4F2 cos(θγ+mα
2pi
3 ) with the angle in the orbital space θγ
defined by |θγ〉 = cos(θγ/2)|d3z2−r2〉 + sin(θγ/2)|dx2−y2〉
and (mx,my,mz) = (1, 2, 3) [7]. This interaction directly
connects the orbital states of 3d electrons with that of 4p
ones. The crystal with layered structure is described by
the tetragonal lattice in H4p. t
β
α is the hopping integral
between the site j with orbital α and its nearest neigh-
boring site j + δβ with α, where δβ indicates a bond in
the β direction. The following conditions are satisfied:
txx = t
y
y ≡ t
‖
σ, txz = t
y
z = t
y
x = t
x
y ≡ t
‖
pi, tzz ≡ t
⊥
σ and
tzx = t
z
y ≡ t
⊥
pi . The effect of the lattice distortion [8] is ne-
glected, since it is experimentally confirmed to be small
in the layered manganites around x = 0.5 [13]. Thus,
εd(p) and εP are chosen to be independent of γ and α,
respectively. The inter-site Coulomb interaction between
Mn 4p and O 2p electrons is not included, because the
interaction brings about the anisotropy of ASF in the
similar way as Vγα [7].
The memory function method (the composite op-
erator method) in the Green’s function formalism is
adopted in the calculation of ASF. This method is suit-
able to describe the excitation in the highly correlated
systems [17,18] and treats the local Coulomb interac-
tions and the 4p band on an equal footing. We in-
troduce the relaxation function defined by Cασ(t) =
θ(t)β−1
∫ β
0 dλ〈J
†
iασ(t)Jiασ(iλ)〉 ≡ θ(t)〈J
†
iασ(t)Jiασ(0)〉λ
with β = 1/T . We have ImCασ(ω) = ImGασ(ω)/(βω),
Cασ(ω) being FT ofCασ(t). At the end of the calculation,
we take T = 0. The final form of Cασ(ω)(≡ δM
(0)
C (ω)) is
given by the continued fraction [18]:
δM
(n−1)
C (ω) =
I(n)
ω −
(
M
(n)
0 + δM
(n)(ω)
)
I(n)−1
, (5)
with δM (n)(ω) = δM
(n)
B (ω) + δM
(n)
C (ω) for n >
1. δM
(n−1)
C (ω) is given by FT of δM
(n−1)
C (t) =
θ(t)〈ψ†n(t)ψn(0)〉λ. δM
(3)(ω) is taken to be zero and the
continued fraction is truncated at n = 3. Here, ψn is the
composite operator represented by an operator product
[19]. ψ1 = Jiασ and ψn+1 appears in the equation of mo-
tion of ψn. I
(n)(= 〈ψ†nψn〉λ) and M
(n)
0 (= 〈(i∂tψ
†
n)ψn〉λ)
correspond to the normalization factor and the static part
of the self-energy, respectively. δM
(n)
B (ω) is the relax-
ation function including operators at site j 6= i, such as
P †jασsiσ. The detailed formulation will be presented else-
where. Advantages of this method in the present issue
are the following: 1) The many body excitations originat-
ing from the local Coulomb interactions are treated by
the composite operators. For example, P †iασsiσd
†
iγσ′piγσ′
describes the dipole transition associated with the charge
transfer between Mn 3d and O 2p orbitals. By treating
ψn as a single quantum variable, the many body excita-
tions and the interactions between them, i.e. so-called
the configuration interactions, are taken into account in
δM
(n)
C (ω) and M
(n)
0 . This kind of the excitation is not
treated by the independent single-particle scheme with
an averaged potential. 2) The band effects of the 4p elec-
trons are included in δM
(n)
B (ω). By adopting the loop
approximation in the diagram technique, where the 4p
state is treated as the single-particle state described by
H4p, the itinerant character of the excitation is intro-
duced. This kind of excitation plays a crucial role on
ASF in the present case where the layered structure lifts
the orbital degeneracy and is not described by the calcu-
lation in a small cluster.
The calculated ASF is presented in Fig. 1(a), where
the d3x2−y2 orbital is occupied. The [d3x2−r2/d3y2−r2 ]-
type orbital ordered states, where the two orbitals are
alternately aligned in the xy plane, is assumed. The
anisotropy of the 4p band is characterized by t
‖
σ/t⊥σ = 4
and t
‖
σ/t
‖
pi = t⊥σ /t
⊥
pi = 4 [20]. A continuous spectrum in
Im∆fx(y) spreads over a wide region of ω. The weight
near the K-edge is dominated by Im∆fx(y), because the
4px(y) band is wider than the 4pz band; the quasi-two di-
mensional band of the 4p electrons causes the anisotropy
between ∆fx(y) and ∆fz. However, it is worth to note
that Im∆fα is not the density of states itself. There
are several peak structures in Im∆fα caused by the lo-
cal excitations in the MnO6 cluster. Near the edge, the
clear anisotropy between Im∆fx and Im∆fy appears and
Im∆fy governs the intensity. This anisotropy is caused
by the Coulomb interaction between 3d and 4p elec-
trons. The core hole potential makes the anisotropy
remarkable, since the potential reduces the energy of
the dipole transition and enhances the local character
of the 4p electrons. The scattering intensity at the or-
bital superlattice reflection defined by IO(φ = π/2) =
|∆fx −∆fy|
2/(2|A|2/mtpd)
2 [7,21] is shown in the inset
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FIG. 1. The imaginary part of ASF. (a) The d3x2−r2
orbital is occupied in the [d3x2−r2/d3y2−r2 ]-type orbital or-
dered state. The straight, dashed and dotted lines show ASF
for α = x, y and z, respectively. (b) The dx2−z2 orbital is oc-
cupied in the [dz2−x2/dy2−z2 ]-type orbital ordered state. The
insets show the scattering intensity at the orbital superlattice
reflection and schematic pictures of the orbital ordered states.
of Fig. 1(a). Here, the azimuthal angle (φ) is the rotat-
ing one of the sample around the scattering vector. For
φ = 0 (π/2), the electric vector of x-ray is perpendicular
(parallel) to the xy plane. A sharp peak near the edge
together with a small intensity above the edge appear
in IO(φ). Both structures are observed in LaSr2Mn2O7
[14]. In Fig. 1(b), we show ASF at the site where the
dx2−z2 orbital is occupied in the [dx2−z2/dy2−z2 ]-type or-
bital ordered state. The anisotropy between Im∆fx(y)
and Im∆fz becomes more remarkable near the edge due
to the Coulomb interaction.
The anisotropies of ASF directly reflect on the polar-
ization dependence of the scattering intensity. Let us
consider the charge and orbital ordered states realized in
the layered manganite at x = 0.5 [2,14]. The scatter-
ing intensities at the orbital and charge reflection points
in the [θ/ − θ]-type orbital ordered state are given by
IO(φ) = |(∆fx−∆fy) sinφ|
2/(2|A|2/mtpd)
2 and IC(φ) =
|(∆fx + ∆fy) sin
2 φ + 2∆fz cos
2 φ|2/(2|A|2/mtpd)
2, re-
spectively [7,21]. The polarization dependences of IO(φ)
and IC(φ) are attributed to the anisotropies between ∆fx
and ∆fy due to the local Coulomb interactions and be-
tween ∆fx + ∆fy and ∆fz due to the effects of the 4p
band, respectively; the itinerant and local characters of
the excited 4p electrons reflect on IC(φ) and IO(φ), re-
spectively. The theoretical results of IO(φ) and IC(φ)
near the edge are plotted together with the experimen-
tal data in LaSr2Mn2O7 [14] in Fig. 2. We find good
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FIG. 2. The polarization dependence of the scat-
tering intensities at the orbital superlattice reflection (a)
and at the charge superlattice one (b) near the edge
((ω − (εP − εs))/tpd = −9.6). The straight and bro-
ken lines show the intensities in the [d3x2−r2/d3y2−r2 ]-
and [dx2−z2/dy2−z2 ]-type orbital ordered states, respectively.
The open circles show the experimental data obtained in
LaSr2Mn2O7 [14]. Absolute values of the experimental data
are arbitrary. The inset shows the schematic picture of the
experimental arrangement.
agreement with theory and experiment. Thus, we con-
clude that ASF in LaSr2Mn2O7 near the edge is domi-
nated by ∆fx(y) and the degeneracy between ∆fx and
∆fy is lifted by the Coulomb interactions in the [θ/− θ]-
type orbital ordered state. On the other hand, the θ-
dependence of ASF is not so remarkable as to determine
the value of θ. However, from the following facts, we de-
duce that the [d3x2−r2/d3y2−r2 ]-type (θ = 2π/3) ordered
state is more favorable in LaSr2Mn2O7 rather than the
[dx2−z2/dy2−z2 ]-type one; In the layered structure, the
[d3x2−r2/d3y2−r2 ]-type ordered state gains more kinetic
energy than the [dx2−z2/dy2−z2 ]-type one, because the 3d
band in the former state is wider than that in the latter,
as discussed in the case of the 4p band. This is consis-
tent with the zigzag-type ferromagnetic spin alignment
observed in the xy plane [13]. In the [d3x2−r2/d3y2−r2 ]-
type ordered state, the hopping integral in the z direction
is small , where the same kinds of charge and orbital are
stacked [14]. As a result, the double exchange interaction
in this direction is suppressed and the superexchange in-
teraction between t2g spins causes the antiferromagnetic
spin alignment as observed experimentally [13].
The anisotropy of ASF in the layered structure is quite
different from that in the cubic structure where the 4p
band dose not contribute to the anisotropy. ASF calcu-
lated on the condition t
‖
σ/t⊥σ = t
‖
pi/t⊥pi = 1 is shown in
3
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FIG. 3. The imaginary part of ASF. The isotropic 4p
band is assumed. The d3z2−r2 orbital is occupied in the
[d3x2−r2/d3y2−r2 ]-type orbital ordered states. The straight,
dashed and dotted lines show ASF for α = x, y and z, respec-
tively. Im∆fy and Im∆fz are almost degenerate. The inset
shows the polarization dependence of the scattering inten-
sity at the charge superlattice reflection IC(φ). The straight
and broken lines show IC(φ) for the [d3x2−r2/d3y2−r2 ]- and
[dx2−z2/dy2−z2 ]-type orbital ordered states, respectively.
Fig. 3 where the d3x2−r2 orbital is occupied. ∆fy and
∆fz are almost degenerate and the anisotropy between
∆fy(z) and ∆fx is provided by the local Coulomb inter-
action, as shown in the previous results obtained in the
MnO6 cluster [7]. The energy and polarization depen-
dences of IO are similar to those in the inset of Fig. 1(a)
and Fig. 2(a), respectively. IC(φ) depends on types of
the orbital ordered state (the inset of Fig. 3) [22,7].
The anisotropy of ASF in the layered manganites is
highly in contrast to that in the layered nickelates and
cuprates. In the latter compounds, the K-edge is dom-
inated by the z component and the x(y) component is
located above 2 ∼ 10 eV from the edge [23,24]. Since the
octahedron is elongated along the z axis (more than 20%
in cuprates and 15% in nickerates), the large hybridiza-
tion between 4px(y) and O2p orbitals pushes the 4px(y)
band to the higher energy region. On the contrary, in
the layered manganites around x = 0.5, the elongation is
less than 1% [13] and the orbital degree of freedom for
the 4p electrons survives in the local sense as well as that
for the 3d ones. Thus, contribution from the quasi-two
dimensional band is relevant near the edge.
To conclude, we have studied RXS in layered mangan-
ites by taking into account the effects of the 4p bands
and the local Coulomb interactions. The anisotropies
between ∆fx(y) and ∆fz and between ∆fx and ∆fy are
reflected from the local and itinerant characters of the 4p
electrons, respectively. The calculated results well repro-
duce the experimental ones in LaSr2Mn2O7.
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